This paper deals with the fractional order model for GATA-switching for regulating the differentiation of a hematopoietic stem cell. We give a detailed analysis for the asymptotic stability of the model. The Adams-Bashforth-Moulton algorithm has been used to solve and simulate the system of differential equations.
Introduction
Hematopoiesis is a highly orchestrated developmental process that comprises various developmental stages of hematopoietic stem cells (HSCs). During development, the decision to leave the self-renewing state and selection of a differentiation pathway is regulated by a number of transcription factors. Among them, genes GATA- and PU. form a core negative feedback module to regulate the genetic switching between the cell fate choices of HSCs. The transcription factors PU. and GATA- are known to be important in the development of blood progenitor cells. Specifically they are thought to regulate the differentiation of progenitor cells into the granulocyte/macrophage lineage and the erythrocyte/megakaryocite lineage. Although extensive experimental studies have revealed the mechanisms to regulate the expression of these two genes, it is still unclear how this simple module regulates the genetic switching [, ].
The notion of fractional calculus was anticipated by Leibniz, one of the founders of standard calculus, in a letter written in . Recently great considerations have been made to the models of FDEs in different areas of research. The most essential property of these models is their non-local property which does not exist in the integer order differential operators. We mean by this property that the next state of a model depends not only upon its current state but also upon all of its historical states [-].
In this paper, we consider the fractional model for GATA-switching for regulating the differentiation of a hematopoietic stem cell. We give a detailed analysis for the asymptotic stability of the model. The Adams-Bashforth-Moulton algorithm has been used to solve and simulate the system of differential equations. 
where x, y and z are the concentrations of TFs GATA-, GATA- and PU., respectively, a  , b  and c  represent the expression rates of genes GATA-, GATA- and PU. autoregulated by itself, respectively, a  is the expression rate of gene GATA- regulated by TF GATA-, k  , k  and k  are the degradation rates of TFs GATA-, GATA- and PU., respectively. There are  rate constants in the proposed mathematical model (.). Now we introduce fractional order into the ODE model by (.). The new system is described by the following set of fractional order differential equations:
where α is a parameter describing the order of the fractional time derivative in the Caputo sense defined as
Equilibrium points and stability
In the following, we discuss the stability of the commensurate fractional ordered dynamical system
be an equilibrium point of system (.) and x i = x * i + η i , where η i is a small disturbance from a fixed point. Then
System (.) can be written as
where η = (η  , η  , η  ) T and J is the Jacobian matrix evaluated at the equilibrium points.
Using Matignon's results [] , it follows that the linear autonomous system (.) is asymp-
is satisfied for all eigenvalues of matrix J at the equilibrium
Following [, -], we have the proposition.
Proposition One assumes that E  exists in R  + . (i) If the discriminant of p(x), D(p) is positive and the Routh-Hurwitz conditions are satisfied, that is,
The necessary condition for the equilibrium point E  to be locally asymptotically stable is a  > .
One can verify that system (.) has the following three steady states:
Theorem . The trivial steady state E  is locally asymptotically stable if the following conditions are satisfied:
Proof The trivial steady state E  is locally asymptotically stable if all the eigenvalues λ i , i = , , , of the Jacobian matrix J(E  ) satisfy the following condition [, -]:
The Jacobian matrix J(E  ) for the system given in (.) evaluated at the steady state E  is as follows:
The eigenvalues of the Jacobian matrix
Hence E  is locally asymptotically stable if the following conditions are satisfied:
Theorem . The steady state E  with high expression level of gene GATA- is stable if the following conditions are satisfied:
Proof The Jacobian matrix of nonlinear system (.) for this steady state E  is
The three eigenvalues of the Jacobian matrix are:
Theorem  of [] has the same results for the integer order model (and has some misprints in the first condition). They claimed that λ  is negative, but the sign of λ  depends on the quantity (
).
Theorem . The steady state E  with high expression level of gene PU. is stable if the following conditions are satisfied:
Proof The Jacobian matrix of nonlinear system (.) for this steady state E  is
-k  . http://www.advancesindifferenceequations.com/content/2014/1/201 Table 1 The equilibrium points and the eigenvalues of the system Using these parameters, one can verify that the system has six nontrivial equilibrium points. The equilibrium points and the eigenvalues of corresponding Jacobian matrix are given in Table  
Equilibrium point Eigenvalues
E
Numerical methods and simulations
Since most of the fractional-order differential equations do not have exact analytic solutions, approximation and numerical techniques must be used. Several analytical and numerical methods have been proposed to solve the fractional-order differential equations. For numerical solutions of system (.), one can use the generalized Adams-BashforthMoulton method. To give the approximate solution by means of this algorithm, consider the following nonlinear fractional differential equation [] :
This equation is equivalent to the Volterra integral equation 
Conclusions
In this paper, we consider the fractional model for GATA-switching for regulating the differentiation of a hematopoietic stem cell. We have obtained a stability condition for equilibrium points. We have also given a numerical example and verified our results. One should note that although the equilibrium points are the same for both integer order and fractional order models, the solution of the fractional order model tends to the fixed point over a longer period of time. One also needs to mention that when dealing with real life problems, the order of the system can be determined by using the collected data.
